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Md dau

Tich phan Lebesgue xuat hién vao thé ky XX nham gidi quyét mot vai
nhuge diém ciia tich phan Riemann, ching han ham Dirichlet 1a ham don gian
nhung khong kha tich Riemann. C6 mot diéu thd vi vé ¥ tudng xay dung hai
loai tich phan nay. Hai loai tich phan nay dudc xay dung dya trén hai cach nhin
khéc nhau vé ham s6: Bernhard Riemann nhin ham sé bat dau tit mién xac dinh
con Henri Lebesgue nhin ham s6 tit tap gia tri. Khoa luan clia em nham tim
hiéu cach xay dung tich phan Lebesgue va cac 16p ham kha tich Lebesgue ciing
nhu c6 nhiing so sanh véi cac két qua da hoc trong tich phan Riemann. Khoéa
luan dugce chia thanh hai chuong.

Trong Chuong 1, em trinh bay cach thiic xay dung tich phan Lebesgue tit
do do Lebesgue, ham do duge Lebesgue roi tich phan Lebesgue va ham kha tich
Lebesgue. Trong chuong nay c6 khai niem hoi tu hau khap noi va hoi tu theo
do do 1a su mé rong ctia khai niem hoi tu diem va hoi tu déu. Em da dua vao
cac vi du cho thay sy khac nhau gitta cac khai niém hoi tu nay. Phan gan cudi
chuong c6 dé cap dén cac két qua quan trong vé viéc chuyén giéi han qua dau
tich phan ciia Beppo Levi, Pierre Fatou, dac biét ctia Henri Lebesgue vé hoi tu
chin. Em dua vi du cho thay két qua da hoc & Giai tich vé viéc chuyén gisi han
qua dau lay tich phan dudc md rong thuc si. Két thic chuong nay 1a két qua

vé moi quan hé gitta tich phan Lebesgue va tich phan Riemann.
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Trong Chuong 2, em trinh bay khong gian LP,1 < p < oo va cac tinh chét.
Day 13 16p khong gian Banach (dinh chuan, day di) hon nita con tach duge (c6
tap con dém dugc tri mat) ngoai trir trudng hgp p = oo. Sau khi trinh bay cac
tinh chat co ban nay, em trinh bay phép bién déi Fourier trong LP,1 < p < 2.
Dé xay dung dugc phép bién doi Fourier em dua vao Bat ding thic Hausdorff-
Young. Trong trudng hop p > 2 em da dua vao vi du cho thiy Bat déng thiic
nay khong con dung.

Do thoi gian c¢6 han ciing nhu viéc nadm bat kién thitc con han ché nén
trong Khoa luan khong tranh khéi thiéu sot, chang han em chua dua vao chiing
minh Bat dang thitc Hausdorff -Young vi chiing minh nay doi héi kha nhiéu kién
thitc chuan bi (Ly thuyét noi suy khong gian). Rat mong dudc sy chi bao ciia

thay co va ban be khap noi.
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Chuong 1

Tich phan Lebesgue

1.1 Pai sb

Dinh nghia 1.1.1. [1/Cho tap X la mot tap tay ¢ khac rong. Mot ho C cac tap

con ciia X dugc goi la dai so cac tap con cia X, néu C théa man ba dieu kién:
i) X eC,
ii) AeCthi X\AeC,
111) A1, Ag, Az, ... A, € C thi U A € C.
k=1

Meénh dé 1.1.1. Cho € la dai so tap con cia X thi:
i) 0 eC,

n
ll) A1, Ay A, € C thi ﬂ A € G,

k=1

iii) Ae €, BeC thi A\B e C.

Chiing minh.

i) Do € la dai s6 tap con ciia X nén theo diéu kién (i) ctia dai s6 X € C.



www.VNMATH.com
Chuong 1. Tich phan Lebesgue

Ma dai s6 kin v6i phép 1ay phan bui nén X\X =0 € C.
ii) Do Ay, Ag, ... A, € Cnén X\ Ay, X\ Ay, ... X\A, € C. ViC kin véi phép hgp hitu

han nén |J (X\A4g) € C. Mt khac | (X\4x) = X\( F] Ap) nén X\( (n] Ag) € C.
k=1 k=1 k=1 k=1

Ma € kin véi phép lay phin bit nen X\(X\ (] A) = (] Ax € C. Vay [ A € C.
iii) Ta c6 A\B=AN(X\B). Ma A, X\B € Gkirién A ﬂk(;\B) €C (the(f_tlinh chat
2 vira chiing minh). Vay A\B € C. O
Menh d& 1.1.2. Cho X =R, €= {{J &;: A, la gian,i = 1,2,...n,n € N,
A;NA; =0 vdii+#j} la dai so cac ;;; con cua R.

Trong dé, gian trén R la mot tap diém cé mot trong cic dang sau

(a,b),[a,b], (a,b],|a,b), (—o0,a), (—o0,a], (a,+0), [a, +00), (—00, +00) vdi a,b € R va

A = [a,b] thi |A] = a—b dugc goi la do dai cia A trén R.

Chiing minh.

i)Chon A = (—00,0), Ag = [0, +00), A3 = (a,a) thi R = AjUA; € Cva ) = Az € C.
ii)Gia st A € € thi khi d6 A 1a hgp ctua hitu han ctia cac gian khong giao nhau.
Truong hop A 1a hop hitu han ctia cac gian ¢6 dang A; = (a;, a;+1) V6i a;, a;41 € R.

n
Khong mat tinh tong quat, giad st a1 < as < ... < ag,. Khi d6 A = U A va
i=1

R\A = (—o00,a1] U [ag, ag] U ... U [agp, +00)
-1

= U [a2i, agi+1] U (=00, a1] U [agy, +00),
i—1

3

~

cting 1a hop hitu han cia cac gian.

Mot cach xay dung tuong tu véi cac trucng hop con lai cua tap A ta ctng co
R\ A cfing 1a hop hitu han ctlia cic gian. Vay € kin v6i phép lay phan b

iii) Gia st P,Q € C. Tru6e hét ta ching minh PNQ € C.

n
Dét P = UIZ‘ ,]Z‘ lém@t gian Iin]i' :®V6ii7éi.
i=1

4
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k
Q= J; . Jj Ia mot gian JiJy =0 véi j # j. Khi do
J:

k
PnQ=rn(JJ)=

k
Jj=1 J=

k n k n
Py =UJilJmng =z
j=1 i=1 j=1i=1

Ma I;NJ;=Lijj(i=1,...n;j =1,...k) la cac gian khong giao nhau doi mot nén

1

G U Ly € Chay PNQeC.

]T:}llelzlchﬁng minh ¢ trén thi R\P, R\@Q € € nén (R\P) N (R\Q) € €,

hay R\(PUQ) € C.

T chitng minh (ii) trén c6 PUQ € €. St dung quy nap ta cé néu Ay, Ag, ... A, € €

thi U A; € C. O]
i=1

Dinh nghia 1.1.2. [1/Cho X la mat tap hop khdc rong, mot ho F cac tap con

cia X duge goi la o-dai $6, néu F théa man ba diéu kién:
i) Xeg,
ii) AceF thi X\A €T,

+00
111) A1, Ag, LAy, €T th U Ap €T
k=1
Vidu 1.1.1. Cho X =R, C={J A; : A; la cac gian roi nhau, i = 1,..n, n € N}
i=1
khong 13 o-dai s6.

That vay, dat A = [2k,2k + 1],k € N thi A;, € €. Ta can di chitng minh

J Ak khong c¢6 dang |J A;, v6i A; la mot gian.

=1 i=1
oo n
Stt dung phan chiing, gid sttrang |J A = |J A; voi A; lagian va AjnA; = 0 (0 # j).
k=1 i=1
Gia stt Ay ¢6 dau mut 1 aq,as ; Ag c6 dau mut 13 a3, aq; ... ; A, c6 dau mut 1a
a2n—1, a2n-

Do céc gian roi nhau nén khong mat tinh téng quat, giastta; <ag < ...< agp_1 < a2n.

o0
Néu ag, < +00, chon ko sao cho 2ky > ag,. Nhu vay 2ko € (J [2k, 2k + 1] nhung
k=1
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2ko ¢ O A;. Diéu nay vo ly.

Néu a::: +00, chon ky sao cho 2ky > ag,—1.

Nhu vay 2ko + g € A, nhung 2kg + g ¢ kﬁjl[%, 2k + 1]. Diéu nay vo ly.
Vay diéu gia st 1a sai, € khong 1a o-dai 5_6.

Ta sé xay dung mot o-dai s6 nhé nhat chita C.

Dinh nghia 1.1.3. [{jo-dai s6 nhé nhat bao ham ldp cdc tap md trong khong
gian R duoc goi la o-dai s6 Borel ciia khong gian R va nhiing tap thuoc o-dai so
nay dugc goi la tap Borel trong khong gian R.

Tap Borel la nhiing tap zuat phdt t tap md va thuc hién mot s6 hiu han hay

dém dugc phép toan hop, giao trén tap do.

Theo dinh nghia o-dai s6 mot tap la tap Borel thi phan bii clia né ciing 1a
tap Borel. Do do6 tap md la tap Borel nén tap dong ciing la tap Borel.

Do o-dai s6 dong v6i phép hop va giao dém dude nén hop clia mot s6 dém

dugc cac tap dong 1a mot tap Borel va giao clia mot s6 dém dugce tap mé ciing

la tap Borel.
Meénh dé 1.1.3.

i) o-dai so Borel trong khong gian R ciing la o-dai s6 nhé nhat bao ham I6p cdc

tap dong.
ii) o-dai s6 Borel trén R ciing la o-dai s6 nhé nhat bao ham 16p cdc khodng.
iii) o-dai s6 Borel trén R ciing la o-dai s6 nhé nhdt bao ham ldp cdc gian.

Chatng minh. 1) Cho M 1a 16p cac tap md trong R. Goi F(M) 1a o-dai s6 nho
nhat bao ham 16p M hay o-dai s6 Borel. N 1 16p céc tap dong, F(N) la o-dai
s6 nhé nhat bao ham N. Ta ¢6 N € F(M) nén F(N) Cc F(M).

6
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Mat khac vi méi tap md la phan bu cia tap déng nén M c F(N). Do do6
F(M) c F(N). Vay F(M) = F(N) hay o-dai s6 nhd nhat bao ham 16p céc tap
dong ciing 1a o-dai sd Borel.

ii) Cho M la 16p cac tap md trong R, N 1a 16p cac khoang. Vi mo6i khoéng
déu 1a tap mé nen N C F(M) v6i F(M) la o-dai s6 nhd nhat bao ham M va
F(N) C F(M).

Ma modi tap md 14 hop hitu han hay dém dugc cidc khodng nén M C F(N) va
F(M) C F(N).

Vay F(M) = F(N) hay o-dai s6 nhé nhat bao ham 16p cac khoang ciing 1a o-dai
sO Borel.

iii) Cho G 1a 16p cac gian, N 1a 16p céc khoang. Goi F(G), F(N) 1a o-dai s6 nhd
nhat bao ham mdi tap d6. Do gian chita cac khodng mé nén F(N) c F(G).

Ma mdi gian lai biéu dién dugce thanh hop hitu han hodc dém dudc ciia cac tap
md ho#c déng va o-dai s6 nhé nhat bao ham 16p cac tap md ciing 1a o-dai s6
nhé nhat bao ham cac tap dong. Do d6 F(G) c F(N).

Vay F(G) = F(N). O

1.2 Do do

1.2.1 Do do trén o-dai sé tap hap

Cho X la tap bat ky trong khong gian R, JF 1 o-dai s6 cac tap con cia X.

Xét ham tap p: F — [0, +o0].
Dinh nghia 1.2.1. [1] u dugc goi la cong tinh néu

ABeF,ANB=0,AUBeTF thi u(AUB)=pu(A) + u(B).
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Dinh nghia 1.2.2. [1] u dugc goi la cong tinh hitu han néu c6 mot ho hitu han

cac tap hop doi mot rot nhaw Ay, As, ... A, € F thi

n

n(lJ 40 =D n(4y).
=1

i—1
Dinh nghia 1.2.3. [1] p dugc goi la o-cong tinh néu c6 mot ho dém duge cdc

tap hop doi mot roi nhau Ay, Ao, ... Ay, ... € F thi

+00 +0o0
p((J Ai) =D u(A).
i=1 i=1
Mot ham o-cong tinh thi cong tinh nhung nguge lai khong dung.
Dinh nghia 1.2.4. [1Ju la do do trén o-dai s6 néu théa man hai dieu kién sau:
i) u(@) =0,
ii) p la o-cong tinh.

Tinh chit ctia do do

Vé6i p 1a do do trén F ta c6 cac tinh chat sau:

1. AAB€J,AC B thi u(A) < u(B).
ViAC Bnén B= (B\A)UA, B\ANA=.

Do do pu(B) = u(B\A) + u(A) = pu(A).

2. Néu A, Be€ F, A C B,u(A) < +oo thi u(B\A) = u(B) — u(A).

Vi ju(B) = u((B\A) U A) = u(B\A) + u(A) hay u(B\A) = u(B) — u(A).

3. Hop ciia mot ho dém dudc cac tap c6 do do bang 0 1 tap c6 do do bang 0.

Ta c6 u(Ag) =0v6i k=1,2,...,n... va u la o-cong tinh nén

plJ A =D nAr) =o0.
k=1 =1

8
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Dinh nghia 1.2.5. Do do pu duge goi la do do di néu moi tap con cia tap cé

do do bang 0 déu la tap do duge va c¢é do do bang 0.

Dinh nghia 1.2.6. [1] Mot ham u* zdc dinh trén mot I6p tat cd cdac tap con

cia khong gian R, duge goi la do do ngoai néu:

i) pu*(A) >0 vdi moi A C X,

if) 1°(0) =0,

8

iii) Ac |J Ay th p*(A) <
k=1 k

1 (Ak).
1

Dinh 1y 1.2.1. [i/(Caratheodory) Cho p* la do do ngoai trén X, kiyj hiéu L la

lop tat cd cdc tap con A cia X sao cho
P (E)=p" (ENA)+ u*(E\A) wvdimoi F CX. (1.2.1)
Khi ay L la o-dai s6 va ham p = p* /L (thu hep cia p* trén £) la do do trén L.

Chatng minh. Truéc hét ta chiing minh £ 14 mot o-dai s6.

Dinhién § € £ vi v6i moi £ C X : p*(E) = p*(0) + p*(E) = p*(EN0) + p*(E\D).
Lép £ ciing kin ddi véi phép 1ay phan bu, vi néu A € £ thi v6i moi E C X ta c6
pr(E) = p (ENA)+ p*(E\A) = " (E\(X\A)) + p* (E N (X\A)).

Dé ching minh £ 1a o-dai s6 ta can chiing minh £ kin véi phép hgp dém dudc.

Cho A; € £,i=1,2,... va tap bat kv E c X. Ap dung déng thic [1.2.1] ta co:

pH(E) = @ (E0 A + @ (E\A1)

— 1H(B 0 AL + 1 (B\AL) 1 Ag) 40" (B\AD)\ Ay)

j—1 k
= > w(EVJ A na) (B[ 4)).
i=1 J=1

j=1

9



www.VNMATH.com
Chuong 1. Tich phan Lebesgue

Do do6
k j—1
E) > E\UA ) N Aj)+pt E\UA
j=1 = j=1
Vi diéu nay ding v6i moi k nén
p(E) = E\UA YNA;) + p* E\UA (1.2.2)
j=1
Mzt khac dé dang nhan thay
00 00 j—1
En(JA4) =J(E\[JA)n4)),
j=1 j=1 i=1

(vi néu ¢6 mot j v6i z € EN A; thi lay j 1a chi s6 nhé nhat nhu vay ta duge
re E\A; véimoii=1,...,5—1).

Vay theo tinh chat duéi cong tinh (iii) clia p* :

uH(B) < (B A)) +u(B\ [ 4)
j:l

J=1

gi E\UA )N A+ p E\UA
j=1

7=1

< p*(E) (theo|1.2.2),

o
suy ra |J A; € £, ching t6 £ 1a o-dai s6.
j=1

Cho A; € £,i=1,2,...1a cac tap roi nhau. Lay E’ = UA Khi do E"\ UA =0
j= j=

j—1
a (E\ U Az) ﬂAj = Aj.
=1

Ta c6 p* (U 4;) > > p*(4;) theo (1.2.2),
J=1 '

o0 o0
Ma theo diéu kién (iii) ctia do do ngoai ta c¢6 p*( U Aj) < ST ur(A)).
. ~

Vay p*(J A Z ;) hay p* trén £ la mot do do. ]
J=1 J=1

Nhu vay néu xay dung mot do do ngoai p* trén R thoéa man man dinh 1y

Caratheodory thi ta c6 mot do do trén R. Ta xay dung do do ngoai p* nhu sau.

10
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Cho ham p* : R — [0, +o0]
+o00 +o00
[H(A) = mf{z 1A : U A; D AN lagian,i=1,2,...},
=1 =1
khi d6 p* 1a mot do do ngoai trén R.
That vay, hién nhién p*(A) > 0 véi moi A C R, p*(0) = 0.
V6i € > 0 bat ky, v6i mdi i = 1,2,... ta lay mot he khodng mé Ay, k= 1,2,...

N € P
sao cho ]EJA;“ C A; va Xk: |Aga| < p*(A;) + 5 ViAcC ]EJA/“ ta co
52 5

* * . €y _ * .
(A < ; [Aril < 3 (0 (A + ) = Zu (A7) +e.
Do e > 0 tuy ¥ nén p*(A) < > p*(A;). Vay p* 1a do do ngoai trén R.
=1

1.2.2 DO do Lebesgue

Dinh nghia 1.2.7. [1/Cho ham p* : R — [0, +o0]

—+00 —+00
(A =inf{Y 1A Ao A A o gian,i=1,2,3,.. 3,

=1 =1

duoc got la do do ngoar Lebesque trén R.

Ham tap p* 1d mot do do ngoai trén R nhu vay ta co thé ap dung dinh 1y

Caratheodory dé xay dyng mot do do trén R, d6 chinh 14 do do Lebesgue.

Dinh nghia 1.2.8. Ham p* : £ — [0,00] trong dé L la ldp tat cd cac tdap con A

cta R sao cho
p(E)=p" (ENA)+u"(E\A) wvdi moir ECR,
la do do Lebesgue trén R, ky hiéu la p va A dugc goi la tap do dugc Lebesgue.

Theo dinh 1y Caratheodory thi 16p cac tap do duge Lebesgue £ 13 mot o-dai s6.

11
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Dinh nghia 1.2.9. Tap A C R dugc goi la tap do dude Lebesque trong R néu A

thuoc o-dai s6 Lebesque.

Vay tap khong do dugc Lebesgue sé nhu thé nao? Ta lay vi du sau day tur tai

lieu [4]

Vi du 1.2.1. V6i méi tap A, = {y € [0,1] : 2 —y = r, r € Q} chon mot diém.

Tap tat ca cac diém nay goi la P thi P 1a mot tap khong do duge.

Dinh nghia 1.2.10. [1] Tap N bat ky dugc goi la tap c6 do do 0 néu u*(N) =0,
tic la sao cho

nf{> [l | Ak DN, A la gian} = 0. (1.2.3)
k=1 k=1

Dinh 1y 1.2.2. [1] Mot tap N c6 do do 0 khi va chi khi vdi mdi e > 0 co thé tim
duoc mot hé (hitu han hay dém duoc) gian Ay, phi N va ¢6 do dai tong cong nho

hon €
+o0 +0o0
Jaro N,Z|Ak| <e
k k=1

Chatng minh. That vay, néu u(N) = 0 thi theo cong thic (1.2.3) véi € > 0 cho
o0

trude c6 mot hé khoang mé Ay, phtt N sao cho Y [Ag| <e.
k=1

Ngudc lai, néu véi moi € > 0 déu ¢6 mot phit nhu vay thi
[ee] [ee)
mnf{> Akl : | Ak D N, Ag la gian} = 0.
k=1 k=1

Vay N la tap c6 do do 0. ]

Vi du 1.2.2.

1. Tap N =1,2,...,n la tap c6 do do 0.

2. Tap cac s6 hitu ti c6 do do 0.

3. Tap Cantor P trén [0, 1] xay dung theo cach duéi day c6 do do 0.

12
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Xét tap hop [0, 1].

Budec 1. Chia [0, 1] thanh ba khodng biing nhau, bé di khoang giita G1 — (%, %).
Budc 2. Chia ba mdi doan con lai 1a [0, %] va [g, 1] b6 di khoang gitta ctia ching.
Dit G — (%, g) U (g, g) .. Goi Gy, 1 hop clia 21 céc khodng bo di & bude thi
n, G = kfj Gy 12 hop clia tat ca cac khoang bo di, P = [0,1]\G.

=1
Ta 6 1(Gr) = znl.(%f _ %.(%)n.
Khi 46 p(G) = Y00, 1) = 5 S0, (3" = 1

Ma [0,1] = ([0,1\G) UG = PUG nen u([0,1]) = u(P) + u(G).

Vay u(P) = u([0,1]) - p(@) =1~ 1 =0.

Ta thay tap c6 do do 0 c6 thé cé luc luong 1a hitu han, dém dugce hay khong
dém dugce. Tap Cantor 13 mot tap dic biét. Luyc lugng ctia tap Cantor trén R 1a

khong dém duge nhung do do ctia n6é van bang 0.
Dinh ly 1.2.3. [1] Do do Lebesgue la do do di.

Chatng minh. Gia st u(A) = 0 ta can chitng minh moi tap con ctia A déu do duge
va ¢6 do do bang 0.

Goi N la tap con ctia A thi 0 < p*(N) < p*(A). Ma p*(A) =0 thi p*(N) = 0. Lai
c6 E=(ENN)U(E\N) nén p*(E) < p*(ENN) + p*(E\N) v6i moi E € R.

Do (ENN) C N nén p*(ENN) < u*(N) = 0 va u*(E) < u*(E\N).

Mt khéc (E\N) € E nén u*(E\N) < 4*(E). Do d6 p*(E) = p*(E\N), tic la
P (E) = p (ENN) + p*(E\N).

Vay N la tap do dugc Lebesgue va u(N) = p*(N) = 0. ]
Dinh 1y 1.2.4. Moi tap Borel déu do duoc Lebesque.

Chatng minh. Truée hét ta di chiing minh moi khodng mé déu do duge Lebesgue.
Lay mot khodng md A bat ky. Xét mot tap £ C R tiy ¥ vA mot hé gian Ay

13
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phit E. Ro rang v6i mdi k thi A, N A = A, 1a gian vA Ap\A = (JA, . 1a hop

ki
cac gian.
Cho nén |JAx = (U A;g) U\ A;;Z) va o |Al =] ’A;J +2 ‘AZ:J
k k k k k kyi
Do do

pH(E) = inf{> A}
k
=inf{ 1AL+ 1AL
k ki

mf{> A} +inf Al
k ki

v

Suy ra p*(E) > p*(ENA) + p*(E\A), VE C R, hay A do dugc Lebesgue.

Do A 1a khodng md bat ky nén moi khodng md déu do duge Lebesgue. Ma moi
tap md trong R 14 mot hop dém duge nhitng khodng md, nén o-dai s6 nhé nhat
bao ham 16p cac khodng md ciing 1a o-dai s6 nho nhat bao ham 16p cac tap md,
tiic 1& o-dai s6 Borel. Ma o-dai s6 £ 1a o-dai s6 bao ham 16p cac khodng. Vay

o-dai s6 £ chita o-dai s6 Borel, hay tap Borel do dugc Lebesgue. O

Dinh ly 1.2.5. Moi tap do duge Lebesque la mot tap Borel thém hay bot mot

tap co do do 0.

Ching minh. B la tap Borel va N la tap ¢6 do do 0 thi B, N € £ nén véi tap
A= B\N va A= BUN ciing do dugc Lebesgue.

Ngugc lai gia stt A € £. Ta di chiing minh ton tai tap Borel B sao cho u(B) = u(A).
Vi A € £ nén c6 thé tim dude cho méi k = 1,2, ..., nhitng khoang mé Py, sao cho
Ac U Pava 5 u(Pa) < 5 (4) + 1/k = u(A) + 1/,

i=1 i=1

0 o0
Dat B= () | Pi; ta thay B D A va B thuoc o— dai s6 Borel.
k=1i=1

14
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o0
Mat khac véi moi k, B € |J Pi; nén

Dit N = B\A ta c6 u(N) = u(B\A) = 0.
Vi A e £ nén R\A € £. Ton tai hai tap B’ 1a tap Borel va N’ 1a tap c6 do do 0
sao cho R\A = B\N'. Suy ra A= (R\B)UN', hay A= B"UN vé6i B = R\B’
la tap Borel.

Vay mdi tap do dudc Lebesgue ching qua la mot tap Borel théem hay b6t mot

tap co6 do do 0. []

Dinh 1y 1.2.6. Déi vdi mot tap A trén R ba dieu kién sau la twong duong:
i) A do dugc Lebesgue.
i) Vdi moéi e >0 ¢ thé tim dugc tip md G D A sao cho p*(G\A) < e

ii1) Véi moi € >0 c6 thé tim dugc mot tap dong F D A sao cho p*(A\F) < e

Chiing minh. (i)= (ii). Truéc hét ta xét truong hop u(A) < co. T dinh nghia

do do ngoai, véi e > 0 cho trude c6 thé tim dude mot hée khoang mdé A, phi

A sao cho Y |Ax| < u(A) + e. Duong nhién G la tap mdé bao ham A va c¢6
2

G) < ; |Ag| < p(A) + e T do p(G\A) = u(G) — p(A), suy ra p(G\A) < e

oo
Trong trudng hgp tong quat, A = |J AN[—n,n] vA mdi tap A, = AN [—n,n] cb

n=1

w(Ay) < 0o, nén theo trén co6 nhitng tap mé G, O A, véi u(G,\A,) < 1/2". Khi

o
ay tap G = |J G, md, bao ham A va thdéa man

8

(i) = (i). Cho Gy, 1a tap md bao ham A va ¢6 p*(Gp\A) < 1/n. Dat B = () G, ta

n=1

c6 B € L (vi Blatap Borel) va B D A, dong thoi u*(B\A) < u*(Gp\A) < 1/n véi

15
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moi n =1,2,... cho nén u*(B\A) =0, nghia la £ = B\A do dudc. Vay A = B\E
ciing do dudc.

Do d6 (i) & (ii). Mat khac A do duge khi va chi khi phan bu ctia A cling do
duge, tic 1a tit didu vita ching minh, khi va chi khi v6i moi € > 0 ¢6 thé tim
duge mot tap mS G O (R\A) sao cho p* (G\(R\A)) < e. Di nhién v6i F 1a phan

bt cia G thi F C A va u*(A\F) = p* (G\(R\A)) < e. T d6 suy ra (i) & (iii). O

1.3 Ham do dugc Lebesgue

1.3.1 Ham do dudc Lebesgue

Dinh nghia 1.3.1. Ham s6 f : A — [—o0,4+00] duode goi la do dugc trén A vdi

A la mot tap do dugc Lebesque néu
Vae RiEy={zre€A: f(z) <a} €L (1.3.4)

Dinh 1y 1.3.1. Diéu kién (m trong dinh nghia tuong duong vdi cic diang

thitc sau:
VaeR Ey={z€A| f(x)>a} €L (1.3.5)
VaeR E3={ze€ Al f(z)<a}eL. (1.3.6)
VaeR Ey={zc Al f(z)>a} €L (1.3.7)

Chaing minh. (1.3.4) < (1.3.7) vi Ey va E4 bit nhau nén Ey € £ vi £ kin déi véi

phép lay phan biu.

Tuong tu & vi Es, E3 bu nhau.

1.3.4) = (1.3.6)). That vay f(z) < a khi va chi khi v6i moi n ¢6 f(x) <a+ l
n

Nénv@imoin{IGA:f(:r)Sa}:—ﬁo{xeA:f(x)<a+%}€£,
1

n=

Vi{xeA:f(x)<a+%}€£.

16
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Nguogc lai (1.3.6)= (1.3.4)). That vay f(x) < a khi va chi khi moin c6 f(z) < a—

1
Nén{xeA:f(x)<a}:+rjj{x6A:f(x)ga—%}eﬁ,(Vi{xéA:f(x)ﬁ

1
a—ﬁ}eﬁ). D

1.3.2 Cac phép toan vé ham sé6 do dudc
Meénh dé 1.3.1. Cho A la tap do dugc Lebesque.
i) Néu f(z) do dugc trén A thi vdi moi a >0 ham so |f(z)|* ciing do dugc.

ii) Néu f(z),g(x) do dugc trén A va hitu han thi cdic ham so

f(z) £ g(x), f(2).g(x), maz{ f(z), g(x)}, min{ f(z), g(x)}
ciing do duoge, va néu g(x) khong triét tiéu thi ham s6 1/g(x) ciing do duoc.
Chitng minh. 1) Néu f(r) do duge thi véi moi a > 0

{reA:|f(x)]* <a}={reA:|f(z)| <ar}
:{xGA:—ai <f(x)<a§}

:{xeA:f(:z:)<a%}ﬂ{x6A:f(:c)>—ai}€£,

vimditap {z € A: f(z) <a=}vi{z € A: f(z) > —a~} déu thuoc L.
Néua<0thi {zeA:|f(x)|* <a}=0e L Vay |f(z)|* do dugc.

ii) Cho a la mot s6 thuye bat ky, ri,ro,73,..., 7y, ... 1a ddy cac s6 hitu ti. Khi do
(@) +g(z) <ae f(z) <a-—g()

Do tap hitu ti tru mat trong tap so6 thuc nén ton tai sé6 hitu ti r, sao cho
f(z) <ry <a—g(x). Nhu vay

(reA: f) —gle) <) = Ulw € A+ (@) < s < 0 = gla)}

— @J{xéA:f(x)<rn}ﬂ{x€A:g(x)<a—rn}}€£,

17
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viméi tap {z € A: f(x) <}, {xr € A: g(x) < a—r,} déu thuodc L.
Vay f(z) + g(x) la do dugc. Tuong tu ta co f(z) — g(x) la do dugce.

Ta c6 cac hé thuc sau

f(@).9(x) = i[(f(fv) +9(2))* = (f(x) = g(2))?],

mar{ f(2),9(0)} = 3(4() + 9(x) +11() — g(a))

mind (), 9(e)} = 3(7(2) +9(2) —17(2) — g())

Vay cac ham sb f(x).g(z), max{f(x), g(x)}, min{f(x),g(x)} cing do dugc.

Dinh 1y 1.3.2. Cho A la mot tap do dugc Lebesgue, f, : A —R,n=1,2,3...

nhing ham do dugc va hiu han trén A thi cic ham

sup fn(7), irrlbf fn(2), n@(} fo(z), lim fp(2)

n—oo

ciing do duge trén A, va néu ham so lim f,(z) ton tai thi né cing do dugc.
n—oo

Chatng minh. Chon s6 thuc a bat ky co6

{r € A:sup fr(x) <a} = m{xeA:fn(x)ga}EE,
" n=1

{xEA:i?Lffn(x)Za}: ﬂ{xEA:fn(a:)Za}EE.
n=1

Suy ra cac ham s6 sup f,(z), inf f,(z) do dugc.

n

Do do ta ¢6

n@ fa(x) = irﬁf{s%p fasr(@)},
lim fu(z) = sup(inf f4(s),

cting do dugc.

Néu day f,(r) hoi tu thi lim f,(z) = lim f,(z). Vay lim f,(z) do dugc.
n—>00 n—00 n—00

18
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1.3.3 Cau tric ham do dudc

Dinh nghia 1.3.2. Cho A la mot tap bat ky trong khong gian R, ta goi ham

ddc trung ciia A la ham s6 Xa(x) zdc dinh nhu sau

0 néuz¢A,
Xa(z) =

1 néuzxzeA.

Dinh nghia 1.3.3. Cho A la tap do dugc Lebesque, ham f: A — R duogc goi la
ham don gidn néu né hiu han, do dudc va chi lay mot so6 hitu han gid tri. Goi
f1, f2,- s fa la cac gid tri khac nhau cia f(z) va A; = {x: f(x) = fi} thi tap A;

do duogc, roi nhau va ta co
f(@) =) fika,(2).
i=1

Dinh ly 1.3.3. Moi ham f(z) do duge trén tap do duoe A la gidi han cia mot
day ham don gian f,(zx),
f() = Tim_fula)

n—oo

Néu f(x) >0 vdi moi x € A thi ¢ thé chon cdc f, dé cho
fn(x) > 07 fn—|—1(x) > fn($);
V0L Mot n va mot x € A.

Chitng minh. Dat f(z) = 0 v6i moi = ¢ A ta c¢6 thé coi nhu f(z) x4c dinh va do

dugc trén toan R.

Néu f(z) > 0. Dat

fu(z) =
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RO rang f,(z) la ham don gian va f,(z) > 0, fur1(x) > fu(x).
Ta can chiing minh f(z) = lim f,(z).

n—oo
Néu f(x) < oo thi v6i n du 16n f(x) < n, cho nén

i_lsf(x)<i,

i :
AL AL

do do fo(z) = Z;—nl Suy ra |fu(z) — f(z)] < 2% 50 khi n — 400,

Néu f(x) = +oo thi v6i moi n, f,(x) > n cho nén f,(z) = n — +oc.

Vay fa(z) = f(2).

Néu f(x) bt k. Dt f+(z) = max{ f(2); 0}, f~ () = max{—f(z): 0}.

Taco f(z) = fH(z)—f (x) va cac ham s6 fT(z), f~(x) déu khong am neén tit chiing
minh trén sé c6 hai day ham don gidn f," (x), f,~ (2) hoi tu t6i f*(z), f~(z).
Do d6 véi mdi ham f,(z) = f,, " (z) — f»~ (x) cling don gidn vi do dugc va chi lay

mot s6 hitu han gia tri suy ra f(z) = lim f,(z). ]
n—oo

1.3.4 Hosi tu hau khap noi

Dinh nghia 1.3.4. Cho A la mét tap do dudc Lebesque. Mot tinh chat S nao
dé xdy ra hau khip noi (h.k.n) trén A néu ton tai mot tap hop B C A, B do dugc

Lebesque, p(B) = 0 sao cho tinh chat S zdy ra tai moi x thujc A\B.

Dinh nghia 1.3.5. Ham s6 f(z), g(x) cung zdc dinh trén tdap hop A do dugc
Lebesgue duge goi la bang nhau h.k.n trén A(hay tuong duong nhau trén A) néu
ton tai tap hop B C A, B do dugc Lebesque va u(B) =0 sao cho f(z) = g(z) vdi

moi T thudc A\B.

Dinh nghia 1.3.6. Dday ham {f,} dugc goi la hoi tu h.k.n vé ham so f(z) trén
A € L néu ton tai mot tdp B C A, B € L, u(B) =0 sao cho lim f,(r) = f(z) vdi
n—o0

mot x € A\B.
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Dinh ly 1.3.4. Cho ham s6 f(x), g(x) zdc dinh trén tip A € L.

i) Néu f(x),g(x) bang nhau h.k.n trén A va day ham {f,} hoi tu h.k.n vée f(x)

trén A thi {f,} hoi tu h.k.n vé g(z) trén A.

i) Néu day ham {f,} hoi tu h.k.n ve f(z) trén A va {f,} hoi tu h.k.n vé g(z) trén

A thy f(x) va g(x) bang nhau h.k.n trén A.

Chiing minh.

i) Vi f(x) bang g(z) h.k.n nén ton tai tap B € A, B € L, u(B) = 0 sao cho
f(z) = g(x) v6i moi x € A\B.

Mat khac, {f,,} hoi tu h.k.n vé f(z) trén A nén ton tai tap C € A,C € L,u(C) =0
sao cho nli_)n;() fn(z) = f(x) véi moi z € A\C.

Khi d6, (BUC) C A, BUC € £, (BUC) = 0 vi v6i moi gi tri clia z € (A\B) N
(A\C) = A\BUC) ta o lim fula) = f(x) = gla). Vay (£} hoi tu hkn vé g(z)

trén A.

ii) Do {f,} hoi tu h.k.n vé f(z) trén A nén ton tai tap B C A, B € L, u(B) =0
sao cho n11_>rr010 fn(z) = f(x) v6i moi x € A\B.

Lai do {f,} hoi tu h.k.n vé g(x) trén A nén ton tai tap C C A, C € L, u(C) =0
sao cho nlgrolo fn(z) = g(x) v6i moi x € A\C.

Theo tinh duy nhat clia gidi han day s6, véi moi = € (A\B)N (A\C) = A\(BUC)
phiii 6 lim_f, () = f(x) = g(x).

Ma (BUC)Cc A,BUC € L,u(BUC) =0 nén f(r) bang g(z) h.k.n tréen A. [
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1.3.5 Su hoi tu theo do do

Cho A € L va f1, fa, f3, ... la nhitng ham do dugc hitu han h.k.n trén A. Day {f,}

duoc goi 1a hoi tu theo do do dén f(z) va ky hieu 1 f,, 5 f trén A néu
ve>0  lim p({zr € A:|fulz) - f(2)] < €}) =0.
N6i cach khac Ve > 0,V§ > 0 ton tai ng € N sao cho
VneN:n>ny thi p({zeA:|fulz)— f(z)] >€}) <.
Dinh 1y 1.3.5.

i) Néu f(z),g(x) do dugc va f(x),g(z) bing nhau h.k.n trén A, f, 5 f tren A

thy f, 5 g tren A.
ii) Néu f, B ftren A wva f, B g tren A th f(z),g(z) bang nhau h.k.n trén A.

Chaing minh. 1) V1 f(z), g(r) bang nhau h.k.n trén A nén ton tai mot tap
B={z€eA: f(z)# g(x)} ¢6 do do u(B) =0 (vi f(x),g(z) do dugc nén B € L).

V6i moi € > 0 ta co:

Ap={z € A:|fu(x) — g(x)| = €}
={z e A\B:|falx) = f(2)| =2 et U{z € B |fulz) — g(2)| = ¢}

C{x € A\B : |fu(z) — g(z)| > €} UB.

Ma {o € A\B: |fu(2) - g(a)| > e} = {a € A\B: [fule) — f(a)] = e},

nén A, c {x € A: |fa(x) — f(z)| > e} UB. Suy ra

p(An) < p({x € A |fu(z) — f(2)] = €}) + u(B)

— j(fe € A |fule) = f(@)] = €}) = 0 khi n — oo,
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Vi f, & f tréen A. Do d6 Jim pu(An) = 0. Vay f £ ¢ tren A.

ii) Dat Ag ={z € A:[f(z) —g(z)| >0} ={z € A: f(z) # g(x)},
Ac={z € A:|f(z) — g(z)| = e}, € >0,

Ap={z e A:|f(x) —g(2)| > 3}k €N,

By ={reA:|fule) ~ [()] = ShneN,

Cu=fa € A: |ful2) = g(a)] = ShneN.

Cac tap hop nay déu do duge vi f,(z), f(x), g(z) déu do dugc trén A.

Ta can chitng minh p(4g) = 0. Truéc hét ta chiing minh

Ao =] A (1.3.8)
k=1

Lay z¢ € Ay, ta c6 z € A va |f(x) — g(x)| > 0.

Theo tinh trit mat ciia tap sb6 thuc sé ton tai sd tu nhién kg sao cho

o0
suy ra x € Ag,. Do dé z € |J A
k=1

oo
Ngugc lai lay « € |J Ay thi ton tai s6 tu nhién kg sao cho zy € A.
k=1

Suy ra x € Ava |f(z) —g(z)| > ki nén |f(z) — g(z)| > 0, do do6 = € Ay.
0

Vay déng thic 1' dugc chiing minh. Khi do6 ta c6

u(Ao) <3 u(Ap) (1.3.9)
k=1
Bay gio ta chiitng minh
Ae C B,UC,,Vn e N)Ve >0 (1.3.10)

hay A\A. D A\(B,UC,) = (A\By,) N (A\Cy,). That vay, l1ay = € (A\B,) N (A\C,)
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Ta c6 2 € A va |fu(z) — f(2)] < g | fulz) — gl(2)| < g Suy ra

[f(x) = g(@)| = [f(2) = fu(2) + fulz) — g(2)|
< [fal@) = F@)] + [falz) = g(2)] <€

Do do6 = € A\ A.. Vay (|1.3.10) dugc chiing minh.
Khi do

H(AS) < 1(By) + p(C). (1.3.11)

Ma lim p(B,) =0, lim p(Cy) =0.
n—oo n—o0

Vi fo 5 f, fo & g trén A, nen lay gii han hai vé cta (1.3.11)) ta dude u(Al) =0,

vOl moi € > 0.

) 1 . .
Suy ra p(Ag) =0, khi e = 7> 0, v6i moi k € N,

Tit (1.3.9) ta c6 u(Ag) = 0. O

1.3.6 MBobi lién hé gita hoi tu
Dinh 1y 1.3.6. (Egorov) Cho mot day ham {f,} do dugc, hiu han h.k.n, trén

mot tap do duge A c6 do do p(A) < +oo. Vi moi e > 0 ton tai mot tap do dugc

B C A sao cho u(A\B) < € va day ham {f,} hoi tu déu trén tap B.
Truée hét ta chiing minh bo dé sau

B6 dé 1.3.1. Cho e,n > 0 thy c6 mot tap déng B la con ciia A va mot so thuc

K sao cho p(A\B) <n va |f(x) — fr(z)| < € vdt moi x € F va k > K.

Chaing minh. C6 dinh ¢,7 > 0. Cho m bat ky, diat A, = {z € A : |f(z) —
fe(z)| < e v6imoi k > m}. Nhu vay Ay = (oufz € A [f(z) — fu(z)| < €}
va A,, 1a do ducc.

RO rang A, C Ayp1. Ngoai ra fi(z) hoi tu h.k.n dén ham s6 f(x) trén A va f(x)
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1a hitu han nén A,, tang dén A\Z v6i u(Z) = 0. Do d6 u(An) — u(A\Z) = u(A).
Tu p(A) < oo ta thiy rang u(A\A;,) — 0.
Chon mg sao cho u(A\An,) < %77 va lay B la tap dong, B C Ay, v6i (A, \B) <

1 p
5 Vay uw(A\B) < n va |f(z) — fr(z)| < € trong B neu k > my. ]

Chitng minh. (dinh 1y Egorov) Chon e > 0 ap dung bo dé dé chon tap déng
By C A, m > 1 va s6 thuc K, sao cho ju(A\By,) < EQLm  |f(@) = fela)] < %
trong By, néu k > Ky, .. B =B 1a tap dong va B C By, v6i moi m nén f.(x)
hoi tu deu t6i f(z) trén B. :

Suy ra A\B = A\ Bm = | J(A\Bn,). Vay u(A\B) <> u(A\Bp) < e. ]

m

Dinh ly 1.3.7. Néu mot day ham {f,} do dugc trén mot tap A hoi tu h.k.n tdi

mot ham s6 f(x) thi f(z) do dugc va néu p(A) < oo thi f, & f.

Chitng minh. {f,(x)} hoi tu h.k.n t6i f(x) trén A nén ton tai B = {x € A :
fn(z) 4 f(x)}, u(B) = 0 va moi tap con ctiia B ciing do duge va ¢6 do do 0 (vi u
la do do du). Do d6 f(z) do dugc trén B.

Mat khac f,(z) — f(z) v6i moi z € A\B nén theo dinh ly f(z) do dugc
tréen A\B.

Vay f(z) do dugc trén BU (A\B) =

Chon € > 0 tlty y. V6i moi n ton tai i sao cho |f,1i(x) — f(z)| > € suy ra z € B,

cho nén

Ntz € Ax farile) - f@) > &})C B

n=1 =1

do do
u(ﬂ (Ut € 4 uito) - f@)] = e))=0.

Diit By = {z € A: [furs(z) — f(2)] > €}, ta c6
=1

EFitDEyD...DE,D ...
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[e.9]
vi B} C Anén u(Ey) < u(A) < oo nén pu( () Ep) = lim p(E,),
n—oo

n=i

4o 6 p(J e € A+ [furi(w) = F(@)] 2 ) < plEn) 0.

Vay fo 5 f. o

Dinh 1y 1.3.8. Néu day ham so do dugc f,(z) hoi tu theo do do tdi f(x), thi c6

mot day con fp,(z) hoi tu h.k.n tdi f(z).

Chiing minh. Chon day g, — 0 va day t; > 0 sao cho >t < co. V6i mdi k

ton tai mot s6 tu nhién n(k) sao cho v6i moi n > n(k)

p{z: | fole) = f(@)] = gi}) < tr.

Dat ny =n(1),ne = max{n; + 1,n(2)},... ta s€ c6 n; < ng < ... va day nay hoi tu

t61 +oo. V61 moi k ta co
p{x e [fon(x) = f(2)] = gr}) <t

Xét tap B = () Qi v6i Qi = U {z : | fup () — f(2)] = gi}. VGimoi i ta co B C Q;
=1

cho nén
w@Q) <Y e | ful@) = f@)] = ge}) <Dt
k=1 k=i

o0 o0

Nhung >t — 0 khi i — oo, vi Y t; < oo, do d6 p(B) = 0. V6i moi z € A\B, ¢6
k=i k=1

mot i sao cho = ¢ Q;, tic la sao cho v6i moi k > i

| i () = f(2)] < g-

vi g, — 0 nén f,, (z) = f(x) khi k — oc. ]
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Mbi lién hé gitta hoi tu
Hoi h.k.n p(A) < oo Hoi tu theo do do
ELEA
T )
Hoi tu diém +— Hoi tu déu

Ta c6 vi du vé mot ham hoi tu h.k.n nhung khong hoi tu diém.
Vidu 1.3.1. Cho f, :R—R

" néu =€ Q,
fa(z) =
0 néu ¢ Q.

fn(z) hoi tu h.k.n dén f(z) =0 trén R.

Xét x=1 thi f,(1) = (—=1)" 1a day phan k¥ nén f,(z) khong hoi tu diém tren R.
Vi du vé mot ham hoi tu theo do do nhung khong hoi tu deu.
Vidu 1.3.2. Cho f,:[0,1) = R

x khi xE[O,l—l),
fa(z) = . n
2 khi ze[l——,1).
n
va f(x) =z trén [0,1).
Ly > 0 bit k- Xét x € [0,1): [fue) ~ f()] > e thi o€ [1 1)

Do d6 tap céc didm By, = {x € [0,1) : |fu(z) — f(z)| > e} € [1 — % 1),

1 1 :
1w(Bp) < u(l—=,1)==—=0 khi n—oconen f,(z)50.

n n
p N ) 1
Lay x € [0,1), ton tai ng sao cho x <1 — —

no

1

Ch(_)n n():[ :|—|—1
1—=z

Néun > ng thi z € 0,1 — %] suy ra folz) =z = f(z)

Do d6 f,(x) hoi tu diém dén f(x) trén [0,1)

suppo.) | fn(2) — F(2)] = 1+ % 1 khi n — oo.

fn(z) khong hoi tu déu. Vay f,(z) hoi tu theo do do nhung khong hoi tu déu.
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Ta xét vi du vé mot ham hoi tu h.k.n nhung c6 do do 14 vo cling thi sé khong

hoi tu theo do do.
Vi du 1.3.3. Cho f, xac dinh trén R

1 khi zenn+1],
fa(@) =

0 tai cac diem khac,
va ham f(z) = 0.

Lay x € R. Chon ng = [z]+1 thi v6i moi n > ng tic lan > [2]+1 > x thi f,(z) = 0.

Neén lim f,(z) =0 hay f,(z) hoi tu h.k.n dén f(z) =0 tréen R va u(R) = oo

n—oo

Chon ¢ = % thi

| fr(z) — |>% khi =z € n,n+1]
Do d6 By = {z € R : [fu(z) — 0] > % non+ 1],

w(By) =1 — 1 khi n — oo, hay f,(r) khong hoi tu theo do do dén f(z) =

Vay fn(x) hoi tu h.k.n trén R nhung f,(z) khong hoi tu theo do do.

1.4 Tich phan Lebesgue

1.4.1 Tich phan ctia ham don gian

Dinh nghia 1.4.1. Cho A la tdp do duge, f: A — [—oo,+00] la ham don gian,
do dugc trén A. Goi f1, fa, ... fn la cdc gid tri khdac nhau doi mot cia f(x).

Dat Ay ={x€A: f(z) = fi},k=1,..n.
A= UAk va f(x kaXAk,Vx € A.

Khi dé tich phan cia ham don gidn f(x) tréen A vdi do do p la so

/f(l’)du =) fun(Ar).
4 k=1
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Vi du 1.4.1. Cho ham so f:[0,1] = R

1 khi r€[0,1]NQ,
f(x) =
0 khi z € [0,1\Q.

Khi do [ f(z)dp =1.p([0,1] NR) + 0.4 ([0,1\Q) = 1.0+ 0.1 = 0.
[0,1]

1.4.2 Tich phan cia ham khong am

Cho A la tap do dugc Lebesgue, ham f : A — [0, +o0] la ham do duge. Khi do
ton tai day don diéu tang cdc ham don gidn do dugdc f,(z) > 0 hoi tu h.k.n vé

f(z) trén A.

Dinh nghia 1.4.2. Tich phan cia ham f(x) tréen A doi vdi do do p la

[ = 1 ([ 0o,
A A

1.4.3 Tich phan ctia ham cé6 dau bat ky
Dinh nghia 1.4.3. Cho A la tap do dugc Lebesgue, ham f: A — R la ham do
duogc trén A. Khi do ta co

fl@)=f"(@) = f(x) wdi fT(z),f (x) >0

Cdc ham so f*(z), f~(x) ¢d tich phan tuong dng tren A la [ f(z)dp, [ f~(z)dp.
A A
Néu hieu [ fr(x)dp — [ f~(x)dp c6 nghia thi tich phan cia ham do duge f(x)
A A

tréen A vdi do do p la

A/ Fw)dp = / 1 (@)dp - / I (@)dp.

A A
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1.4.4 Céac tinh chét so cép

1. Cong tinh

NeuANB=0thi [ f(x)dp= [ f(z)du+ [ f(z)du
AUB A B

Chaing minh. Néu f(x) 1a ham don giadn tréen AU B.
Ton tai f1, f2,... fn 12 cac gia tri khac nhau doi mot cta f(z).
n
bat By ={xr € AUB: f(z) = fy},k=1,...n thé thi U E,=AUB.
k=1

Ta c6 f(x Zk: 1fI€XEk() Er=(AUB)NE,=(ANEL) U (BN Ey).

ViANnB=0nén AN E,, BN E,, r6i nhau. Do d6

_ka (AN Ey) +ka (BN Ey)

s [

Néu f(z) > 0 trén tap AU B, fu(z) 1a day ham don gian khong am va hoi
tu t61 f(z) tai moi diém = € AU B.

Theo chiing minh trén

[ guteyin= /A ful@)dp + /B ful2)dp

Suy ra lim [y fa(@)dp = lim fA fo(@)dp+ Tim [ falo
Hay [, f(@)du= [ f@)dp+ [ f(2)

Néu f(r) 6 diu bit k.

Ta dit f(r) = f*(x) — f~(2)

fx)dp = S (@) dp — [ (@)dp

AUB AUB AUB
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Theo chiing minh trén thi
Frwn= [ @ant [ e (1.4.12)
AUB A B

“(x)du = (x)d “(x)du. 1.4.13
[ /Af();ht/Bf()u (14.13)

Lay (1.4.12)-(1.4.13) ta c6

AUB f(x)du_/Aer(x)d“_/Af(x)dﬂ+/]3f+(x)du—/3f(x)du
Z/f(x)du+/ fla)dp.
A B

2. Bao toan thu tu

Néu f(z),g(x) bang nhau h.kn trén A thi [, f(z)dp = [, g(x)dp.

3. Tuyén tinh

i) [,c- fl@)dp=c [, f(x)dp (c 1a hang s0).

ii) f(z) + g(z) xac dinh h.k.n trén A thi
/A(f(a:) +g(x))dp = /Af(x)dy + /Ag(x)du,

4. Kha tich
i) Néu [, f(z)dp 6 nghia thi | [, f(z)du| < [, |f(2)|dp.
ii) f(z) khé tich khi va chi khi |f(x)| kha tich.
iii) Néu |f(z)| < g h.kn trén A va g(x) kha tich thi f(z) ciing kha tich.
iv) Néu f(z), g(z) kha tich thi f(z) £ g(x) ciing kha tich. Néu f(z) kha tich,

g(x) bi chan thi f(z).g(z) cling kha tich.
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Chiing minh. i)Ta c6

| /A Fw)dul = | /A 1+ () — /A ()
< / FH@)du+ / F ()
/(f+ x))dp = /If )|dp.

ii)Néu |f(z)| kha tich thi [, |f(z)|dp < +oo suy ra | [, f(z)dp| < +oo hay
f(x) kha tich.

Néu f(z) khé tich, [, ff(z)du — [, f~dp < 400 nén [, f*(x)dy < +oo,
fA z)dp < 400.

Vay fA\f Jdp = [, (f*(@) + f~ () du < +00 hay |f(x)| kha tich.
iii) Vi |f(z)| < g(z) h.kn trén A, g(x) kha tich nén

/|f Idu</ P)dji < oo,

Do do6 |f(z)| kha tich nén theo chiing minh trén f(x) kha tich.

iv) Néu f(x),g(x) kha tich thi [, f(x)dp, [, g(x)dp hitu han.

Ji(f ) dp = [, f(x)du+ [, g(x)dy hitu han hay f(z)+ g(x) kha tich.

Tuong tu ta co f(x) — g(x) kha tich.

Néu f(z) kha tich, g(x) bi chin. Gia st |g(x)] < m.

Ta co | f(x).g(x)] < m.[f(z)]

nen [, [f(x).g(@)ldu < [,(m.|f(z)])dp=m. [, f(x)dp.

M3t khac f(x) kha tich nén |f(z)| cing kha tich (chiing minh trén).

Do d6 [ |f(z)|dp < oo suy ra [ |f(z)g(z)|du < oo hay | f(z)g(z)| kha tich. Vay
A A

f(z)g(x) cting kha tich. ]
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1.4.5 Qua giéi han dué6i dau tich phan

Dinh ly 1.4.1. (hoi tu don diéu Beppo Levi) Néu f,(x) > 0 va fu(z) don diéu

tang dén f(x) trén A thi

Tim. /A o)y = /A Fa)dn

Chaing minh. Néu f,(r) 1a ham don gidn thi day chinh 1a dinh nghia tich phan
cua ham don gian.

Néu ham f,(z) bat ky va do duge. V6i mdi n c6 mot day ham don gidn, khong
am g’ (2) /7 fulw)- VI far1(2) > Jule) nén c6 thé coi gy ™ (x) > g1t (),

Vay v6i k < n ta co

g (@)dp < / g (@)dp < / fn(T)dp,
A A

chon — oo ta c6 fr(r) < lim gfln)(x) < f(z) va
n—o0

/fk(:v)dﬂﬁ/ lim gi"(2)dp < lim /fn
A An—>oo n—oo

Cho k — oo ta ¢6 f(z) < lim ¢ (z) < f(z) va
n—o0

lim /fk(x)d,ug/ lim gfl z)dp < lim /fn
k—o00 A A Moo n—00

Nhu vay lim g,(ln)(x) = f(z), lim [ fo(z)dp= [ f(z)dp. ]
n—oo

n—00
A

Cht y réng c6 thé thay dicu kien f,,(z) > 0 béi diéu kien f(x) kha tich.

Dinh ly 1.4.2. (Dinh lyj Dini) Néu f,(x) la day ham lién tuc, don diéu, hoi tu

diém dén mot ham f(z) lien tuc trén R thi f,(x) hoi tu déu tdi f(z).

Chiing minh. Gia su f,(z) la day ham don diéu giam.

Cho méin € N, dit g,(x) = fu(z)—f(z) thi g,(z) 1a ham lién tuc va lim g, (x) = 0.

n—oo
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Hon nita g,(x) > gne1(z) > 0. Goi M,, = supgn(z): * € R. Ta can chiing minh

lim M, = 0. LAy € > 0, goi O,, = {zy, : g, (x) < €}. V1 g,(x) 12 ham lién tuc nén

n—oo

tap O, 1a tap md. T g,(z) > g"(z) 6 O, C Opy1.

oo
V6i moi z € R, lim gp(z) =0 s€ co n € N véi gp(z) <ethize O, Vay J =R.
n—oo

n=1

Ta ¢6 R la compact nén ho tap mé O, phu R sé chita mot ho cia O, hitu han
van phit R. Tt O,, C O,,41 nén sé c6 mot tap hitu han 16n nhat phi R. Vay ton
tai s6 N € N sao cho Oy = R. Do d6 gn(z) < € v6i moi z € R. Vay My <e. Tu
M,, gidm v6i moi n € N nén v6i moi M,, > 0 ta sé c6 nli_>ngO M,, = 0. Nhu vay néu

fn(z) hoi tu déu dén f(z) trén tap A do duge thi nh_{I;O Sy fa@)dp = [, f(z)dp. O

T+ 2

Vi du 1.4.2. Cho fy(2) = ——= véiz € [0,1].

" 4

Ta ¢6 fu(z) >0 v6i x € [0,1] vA f,(x) tdng dén ham f(z) = z + 2 trén [0,1] nén

lim [ fudp= [ (z+2)dp.
"%%0,1 [0,1]

Dinh 1y 1.4.3. (Bo dé Fatou) Néu f,(z) >0 trén A thi

/ lim f(x)dp < hm/fn
A n—oo n—oo
Chiing minh. Dat g,(z) = inf{f(x), fnt1(x),...}.

Ta ¢6 gn(xz) >0 va gp(x) / lim f,(z), cho nén theo dinh 1y |1.4.1|c6

n—oo

lim / ()i = / lim o (2)dp
n—oo J 4 A n—o0

Nhung g,(z) < fa(z) nén [ gn(z)dp < ffn )dp va lim fgn )dp < lim [ fr(x)dp.

A n— n—00 A
Do d6 f lim fp(z)dp < lim ffn . L
A n—00 n—00 A

Dinh 1y 1.4.4. (hoi tu chin Lebesque) Néu |fn(2)] < g(x), g(x) khd tich va

fn(z) = f(x) (h.k.n hay theo do do) trén A thi

/Afn(ﬂf)du%//lf(:v)du
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Chiing minh. Truong hop f,(z) — f(z) h.k.n trén A.

Ta c6 —g(z) < fo(z) < g(z) va g(x) kha tich. Theo b6 dé Fatou cho cac ham

g(x) = fu(z) > 0 va fp(x) +g(x) >0 ta co

/ lim fn(@)dp = lim /fn(x>d,ua / lim fn(z)dp < lim /fn
4 00 n—oo [ 4 A n—oo o0

Nhung f,(z) — f(z) h.k.n trén A nén 11_>_m fn(z) = lim f,(z) = f(x), nén

n—oo

/ f(@)dp > Tm / ful)dps > tim / ful)dpe > / Flw)dp,
A n—0o0 n—oo J A A

suy ra lim [, fu(@)dp = [, f(@)dp
Truong hgp f, — f theo do do. Theo dinh nghia gi6i han trén ta c6 mot day ny
sao cho fA fr(2)dp — nh—>Holo fA frn(x)dp

Mat khac do f,(z) — f(x) theo do do nén c6 thé trich ra mot day con ng, hol tu

h.kn dén f(z) (theo dinh 1y |1.3.8)) hay for, (r) = f(z) hkn.Do do

h_>m /fn )dp = hm /f’flk dp = hm/fnk )dp = /f

Tuong tu ta co
lim / ful)dps = / Fw)dp,
n—oco J A A

cho nén lim Sy fo(@)dp = [, f(x)dp. O

Nhu da hoc, chuyén giéi han qua dau tich phan thi diéu kién can la day ham
{f.} hoi tu déu dén f(z) trén mot doan [a,b]. Day 13 mot diéu kién ngit ngheo.

Trong khi diéu kién hoi tu don diéu va hoi tu chan thi rong rai hon.

Vi du 1.4.3. Cho ham f, : [0,1] = R, fu(z) = /nze ™.

V6i moi z € [0,1] ta ¢6 f(z) = lim nze™™ = 0.

n—oo

sup | fn(z) — f(z)] = sup y/nze ™ = (2¢)~! 4 0 khi n — oo.
[0,1] 0,1]

Nhu vay f,(r) khong hoi tu déu dén f(x) trén [0, 1]. Mat khéac fol f(z)dz = 0.
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: 1 L 1 T I
i Jo e = Ji Jo e = Ji () =0
. 1 1
Do d6 nl;n;ofﬂ fn(x)de = f() f(z)dz.
Ly docodaun” =" xdy rala vi 0 < f,(2) < g(z) = (2¢)~! 2 €[0,1], g(z) 1a mot

ham kha tich va f,,(z) — f(z) trén [0,1] nén f,(x), f(r) théa man diéu kién cta

dinh 1y hoi tu chin. Nhu vay ta c6 thé chuyén giéi han qua dau tich phan.

1.4.6 Moéi lién hé gitta tich phan Lebesgue vaA Rie mann

Dinh 1y 1.4.5. Cho f:[a,b] = R

Néu f kha tich Riemann trén [a,b] thi khd tich Lebesque trén [a,b] va

b
fmwz/fmm
[a,b] a

Chatng minh. Néu f(z) kha tich Riemann trén doan [a, ] thi f(x) bi chdn va liéen
tuc h.k.n trén [a, b].

Xét day phan hoach D, cua doan [a,b] véi ||Dy]| — 0. Goi S, 1a tong Darboux
duéi ing v6i phan hoach D,.

Goi A; la phan hoach thit ¢ ctia phan hoach D,, trén [a, b].
n
Sp = thz‘Az’ t; = mleniz f(x)
1=

bat fu(x) = > tiXa,(z). Ta ¢6 f(x) lien tuc h.kn trén [q,b], v6i n di 16n thi
i=1

|Dy|| — 0 va do d6 A; sé& dit nho dé

V6i € > 0 bat ky, |f(z) — fu(z)| = |f(x) — ti| < e. Suy ra f,(z) — f(z) hk.n trén

[a,b]. Do d6 theo dinh 1y vé hoi tu chan ta c6

Sn = fu(@)dp — f(@)dp.
[a,b] [a,b]

Mat khac S, — [ f(z)dz.
Vay [, F@)du = [} f(@)da. O
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Tuy nhién mot ham kha tich Lebesgue thi khong két luan dude sé kha tich
Riemann. Ta ¢6 vi du vé ham Dirichlet kha tich Lebesgue trén [0, 1] nhung

khong kha tich Riemann trén dé.
Vi du 1.4.4. Cho ham s6 D : [0,1] - R

1 khi z€[0,1]NQ,
D(x) =

0 khi x € [0,1\Q.
Ching minh. Ta sé di chiing minh ham Dirichlet khong kha tich Riemann.
That vay, véi moi phan hoach T ctia doan [0, 1], goi A; la phan hoach thit i cia
n
T. Néu lay ¢ la diém c6 toa do 1a nhitng s6 hitu ti thi op(T,€) = Y. D(&)|Ail =1
i=1
con néu lay ¢ 1a diém c6 toa do la nhiing s6 vo ti thi op(7,€) = 0 nén ham

Dirichlet khong kha tich Riemann. ]
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Chuong 2
Khong gian 1P

2.1 Khong gian L?

Cho khong gian R, E la tap do duge Lebesgue va mot do do pu.

Dinh nghia 2.1.1. [1] Ho cdc ham so f(z) c6 ldy thita bac p (1 < p < o0) ciia

modun kha tich trén E, tic la sao cho

[ 1o <,
E
goi la khong gian LP(E).

Ham s6 f(z) do dugc trén E goi 1a bi chin cét yéu néu ton tai mot tap hop

P c6 do do 0, sao cho f(x) bi chan trén tap hop E\P, titc 14 ton tai s6 K sao cho
|f(z)] < K v6i moi x € E\P.

Can dudi ding ciia tap hop cac sd6 K théa man bat déng thic trén goi la can

tren ding cot yéu clia ham f(z), dudc ky hiéu 1 esssup |f(z)].

E
Dinh nghia 2.1.2. [2] Ho tat cd cic ham f(x) bi chin cot yéu trén E dugc goi
la khong gian L*°(E).
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Meénh dé 2.1.1. [2] Néu ham f(z) € L®(E) thi
|f(x)] <esssup|f(x)] h.k.n trén E.
E

Chitng minh. Gia st {K,} 1a mot day s6 thyc don dieu gidm dén K = esssup | f(z)].
B
Khi do, tap hop

by =A{z e E:[f(x)] > Ky},

o0
c6 do do 0 v6i moi n. Hién nhién tap hop P = U P, c6 do do 0 va

n=1

|f(z)] < K v6i moi x € E\P.
Vay |f(z)] < esssup|f(z)| h.k.n trén E. 0
E

Dinh 1y 2.1.1. [1] (Bt ding thiic Holder) Néu f(z), g(z) do duoc, xdc dinh trén

.z 1 1
mot tap do duoc E va p,q la hat so thuc sao cho 1 <p <oo va —+ - =1 thi
p q

[E F(@) - 9(@)ldn < ( [E !f(w)lpdu) ( /E |g<x>|qdu> |

Cach chiing minh dua vao bo dé sau

Bo6 dé 2.1.1. Néu a,b khong am va p,q la hai so thuc sao cho 1 < p < co vd

1 1
— 4+ ==1 thi ta co
p g

al  be
ab < — 4 —.
p q
L t o1
Chatng minh. Xét f(t) = — + = — tY/? (t > 0).
q
) / 1 1
Ta thay f(1) =0 va f (t) = — — = - t/®~1) duong v6i ¢t > 1, am véi t < 1, chiing
p P
t6 rang f(t) dat cuec tiéu tai ¢t = 1.

. ) ot 1 L. _ ,
Do d6 v6i moi t > 0ta cé — + = —t/P > 0. V6i t = aPb~ 7 > 0 ta c¢b
q

p
Ppa P
¢ + = —ab”>0hay —+ — —ab>0. -
P q p q
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Chitng minh. ( Chting minh bat dang thitc Holder)

Néu [|f(z)|dy, [ |g(z)|dp hitu han va duong. Ap dung bat ding thiic vita chiing
E B

minh véi
0= f(@)] b |9(2)]
(JplF@pdn)” ([ lge)lodu)®
Ta co
|f(z).9(x)] < |f(z)|P . g@lt
L )t U F@Pan) ([ loClodn)

Lay tich hai vé

[ |F(@)g(x)|dp _ _Jplf@)rdu . [ lg(2)|9dp
([ [f@)Pdp)* ([ lg(@)aap)e P Uplf@Pde) — a([glg(@)ldn)
11,
p q

Néu [ |f(z)|du hodc [|g(z)|du bang vo cling thi bat dang thiic dung.
B E

Néu [ |f(z)|dp hodc [ |g(x)|dp bang O, ching han J1f(z)|dp = 0 thi f(z) =0
B B B

h.k.n trén E nén f(z)g(x) = 0 h.kn trén E. Do d6 bat dang thic ding. ]

Dinh 1y 2.1.2. [1(Bdt dang thitc Minkowski) Néu f(x), g(z) la hai ham do dugc

tréen E va 1 <p < oo thi

(éu@wwuwwo s(éuwwwo +(émuww).

Chitng minh. Véi p=1, bat dang thic ding.
. 1 1
Xét v6i 1 < p < co. Chon g sao cho — + - =1.
p q
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Ap dung bat ding thitc Holder ta c6

T x)|P T )| ).|f(z z)|P1
[ i@+ apans [ (151 +la@1) 1) + P
=/ |f($)|~|f(x)+g($)|p1du+/ 9(@)|.1f () + g(=)[P~ du

(/If \pdu) (/If +g(z plqdu)
(/Elgﬂflpdu> (/ £() + o) 1>qcm) |
|( / If(:r)!pdu> n ( / |g<x>|pdu) ( / |f(fv)+g(w)lpdu>q-

Twu do

1-1 1 1
( /E \f(x)+g(x)|pdu> < ( /E !f(:v)!pdu) ; ( /E wnw) |

+ (Jplg(@)Pdu)".

=
LS
Q=

]

W12 = men (fy 170+ g@)Pdu)” < (Jylf@)rdn)

Dinh 1y 2.1.3. Tap hop LP(E), trong dé khong phan biét cac ham bang nhau
h.k.n la mot khong gian vector dinh chudn, vdi cdc phép todn thong thuong ve

cong ham so, nhan ham soé vdi s6, va vdi chuan
1
]y = (/ If(x)|pdu> khi 1 <p < oo,
E
oo = €55 SUp |f(@)] khi p = oo.

Chiing minh. V6i 1 < p < co.
Gia st f(z),g(z) € LP(E). Ta c6 |f(x) + g(z)| < 2max{|f(z)],[g(z)|}

suy ra | f(z) + g(2)[P < 22(max{|f(z)], lg(x)[})P < 22 (| f ()P + |g(z)[?).
Do d6 |f(x)[?, |g(x)|P kha tich thi |f(z) + g(z)[” ciing kha tich, hay

F(z) + g(z) € LP(E) (2.1.1)
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Mat khac, néu f(z) € LP(E),« 1a s6 thuc bat ky thi |af(z)[P = |afP.|f(x)|P kha
tich, nén

a- f(zx) € LP(E) (2.1.2)

Tir (2.1.1)) va (2.1.2) suy ra LP(E) la khong gian vector.

Ta lai col|f||, > 0 khi f(x) # 0 va ||f||, = 0 khi f(z) =0 h.k.n vi khong phan biét

hai ham bang nhau h.k.n nén théa méan tién dé 1 vé chuan.

o fllp = ( /E \af(a:)rpdu)” ol ( /E rf<a:>|pdu)” ~ a1 £ll

thoa man dieu kién thuan nhét ciia chuan.

Ap dung bat ding thitc Minkowski ta c6 bat déng thic tam giac

||f+g||p—</ @)+ gl Ipdu) (/ I |pdu>”+</E|g<x>|pdu)”

= [[f1lp + llgllp-

V6i p = +00.Gia st f(z) € L>(E).
Ta ¢6 ||f|lc > 0 néu f(x) # 0 va ||f||loc = 0 néu f(z) = 0 h.k.n trén E nén thoa
man tién dé 1 vé chuan.
Ta di chitng minh diéu kién thuan nhat ctia chuan. Véi a 1 s6 thuc bat ky ta
can chitng minh

o flloo = lat]-|[floo- (2.1.3)
Néu o = 0 thi diéu kién luon ding.

Néu a # 0. Gi& st phan ching ||a.f|lec < M < |a].||f]|co- Ta c6

o 1f(2)] = |- f(2)] < esssupla. fz)] < M.

Do d6 a.f(z) € L=(E) va |al.||f|le < M. Nhu vay thi [al.][f]ls < M < |al.]|f]]e.

Diéu nay vo ly. Chitng minh mot cach tuong ty ta cting ¢6 |al.||f|leo < M < || f]|oo
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Ia didu vo 1§ hay || /]l = .|| ]]sc.

Cudi cling ta di chiing minh diéu kién vé bat ding thiic tam giéc.

That vay, gia st f(x),g(x) € L*°(E).

|f(@)+g(x)] < |f(x)[+]|g(x)] < ess Sup |f(@)|+ess Sup |g9(z)| nén f(x)+g(x) € L>(E).
Va €55 SUp |f(z)+g(z)| < €55 D |f(90)|+6888%p |9()| hay || f+glleo < [|fllcct [l9]loc-

O
Dinh ly 2.1.4. LP(E) la khong gian vector dinh chudn di.

Ching mainh. Cho f,(z) la day co ban trong LP(E), tic la

\fn — fmllp = 0. Nhu
vay luon tim duge ny dit 16n dé cho ||, — fillp < 1/2 v6i moi n,m > ny. Tiép
tuc tim duge ng > ny sao cho ||f, — fillp < 1/22 v6i moi n,m > ne. Do d6 ta c6

thé chon dugc mot day ny <ng < ... <ni < ... dé cho véi moi k ta co

VY, m > ny \|fn—fm||p<1/2k.

Nhtt vay || fue — fullp < 1/2F. Ap dung bé dé Fatou (1.4.3) cho day ham khong

am gs(2) = |fr, ()] + 34y [ (@) = fri(2)] € LP(E).

V6i mdi z ¢ dinh g¢(x) khong gidm theo s nén ton tai lim gs(z).
n—oo

Do d6 [ lim (gs(x))Pdu < lim [(gs(a))Pdu = lim (|lgs]p)"-
E

5—00 | 5—00

Mat khac

S
gsllp < [ fnillo + D s = Frellp

k=1

<l + D (1/25) < || frnllp + 1.
k=1

nén lim (|[gs|[,)? < oo. Do d6 [, lim (gs(x))" du < .
5—>00 S§—00
Diéu nay ching t6 lim |gs(2z)[P < oo h.k.n, hay ton tai lim gs(z) v hitu han
Cideel 5—00

h.k.n trén E.
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Suy ra f,, (z) + Z (frrsr () = frp(y) Dol tu tuyet déi hk.n.

Nhu vay khi s — oo sé ton tai giéi han hitu han h.k.n ctia ham

Frver (@) = fuy (2 +Z P (%) = fr(2)) -

Ta goi giéi han nay 1a fy(z), fu.,, = fo(z) hkn. Vi|f, (z)] < lim gs(z) € LP(E).
S§—00

Theo dinh 1y hoi tu chan c6

[ it = tin [ 1. @Pdn
E E

tic 1a fo(z) € LP(E). Ap dung bd dé Fatou ta cé

o = Fuully =/E lim |, (2) — fu () Pl

S§—>00

< lim |fn +1( ) fnk( )|pd,u: h_m anerl _fnka

n—o0 E 5—500

= hmHanm Fuullp < hmZanm Frallp

5§—00

=1
shfoloZQt :Z?

t=k
Suy ra klim 1fo = fuillp = 0. Cudi cung vi {f,} 1a day co ban nén véi n,n; du
— 00
lI6n ta s€ c6 ||fn, — fullp < €. Khi d6 ta chon k du I6n dé vita ¢6 ng > ng va

[ fo — fullp < € thi s& c6 v6i moi n > ng

[ fo = fallp < |[fo = farll + [ for — full < e+,
ching to6 day f,(z) hoi tu t6i fo(x). ]

Hé qua 2.1.1. Néu mot day {fn} ROt tu trong LP(E) tht né chia mot day con

{fn.} hoi tu h.k.n trén E.

That vay, néu {f,} hoi tu thi né la day co ban nén theo dinh 1y 6 thé
trich ra mot day con {f,,} hoi tu h.k.n.
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Dinh 1y 2.1.5. Néu 1 <p <p < oo va u(E) < oo th LP (E) € LP(E).

Chitng minh. Ap dung bat dang thitc Holder ta c6

e 1 1
£l < Ufll-llglly V01 <p<oo, 4o =1

Ta lay g(x) = 1, thay f(xz) bdi |f(2)[P, thay p,q bSi p'/p,p /(0 — p) ta c6

/
p

1S TP L (B

Do d6 u(E) < oo thi L? (E) ¢ LP(E). O
Ta c6 céc vi du sau trich tir tai ligu [5]

1 1 1
Vi du 2.1.1. Cho p < ¢ < 0o, ham z~« € LP(0,1) nhung |z~ |1 = |=| la ham
T

khong kha tich trén (0,1) nén X ¢ L10,1).
Vi du sau day cho thay néu do do u(E) = oo thi dinh Iy trén khong dung.

Vi du 2.1.2. Cho ham f(z) =z 7 € LI(1,00) vdi 1 < p < q.

Nhimg o5 [P = | 2| khong thuoe LL(1,00) nen 2+ ¢ IP(1, o).
xr

Su hoi tu trong LP(E) dudc goi 1a hoi tu trung binh cap p.

Ky hieu la f,(z) 5 f(z).
Meénh dé 2.1.2. Mot day hoi tu trung binh thi cing hoi tu theo do do.

Chatng minh. V6i moi s6 € > 0, dit B = {z : |fo(x) — f(2)| > €}, ta ¢

B

E/ () — F(2)Pdu > /B Ful@) — f()Pdp > / Py — & u(B),

diéu nay ching té rang u(B) — 0 khi n — oo, néu f,(z) = f(x). O

45



www.VNMATH.com
Chuong 2. Khong gian [P

Mbi quan hé gitta héi tu
Hoi tu hau khap noi u(A4) < oo Hoi tu theo do do
—
1 )
Ho6i tu trung binh
(17 chi ra ring c6 thé trich ra mot day con hai tu).

Mot ham hoi tu trung binh thi hoi tu theo do do nhung diéu nguge lai khong dung.

Vi du 2.1.3. Xét day ham f,(z) trén doan [0, 1] dugc xac dinh nhu sau

n néu z¢€ [O, l]
fa(z) = 1 "
0 néu ze€ (ﬁ’l] .
va ham f(z) =0.
Ta co
p{z € 0,1] - [fulzx) = f(2)] = €}) = p([0, %]) = % — 0 khi n — oco.

Do d6 fn(z) 5 f(x).

Tuy nhién,f[o,l] |fu(z) — f(2)|dp = n.u ([0,%]) =1+ 0 khi n - oo nén f,(z)

khong hoi tu trung binh dén f(z) tren [0, 1].
Vi du sau cho thay mot ham hoi tu h.k.n nhung khong hoi tu trung binh.

Vi du 2.1.4. Cho ham f,(z) xac dinh trén [0, 1]

n
Inlo) = Tz
va ham f(x)=0.
PR . n . 1 ) .
Ta c6 lim fy(z) = lim ——— = lim = 0. Do d6 f,(z) hoi tu
n—00 n—oo 1 + n2x? n—00 l 4 na?

n

h.k.n dén f(z) =0 trén [0,1]. Tuy nhién

1 1
lim [ fu(z)dr = lim / S Y
0

n—o0 [ n—00 1+ n2x?
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bat v =nz ta co

n
1 s
lim sdu = lim (arctanu)|y = lim arctann = .
n—o0o Jq 1+w n—00 n—00 2

Vay fn(z) khong hoi tu trung binh vé f(z) = 0.

2.2 Tinh tach ducgc cua L7

Dinh ly 2.2.1. Moi ho ham sau day la tra mat trong LP(E),1 < p < oo.
1. Cac ham don gian.
2. Cac ham lien tuc.

Chaing minh. Ho cac ham goi 1a trit mat trong LP(E) néu véi moi f(z) € LP(E)
va moi € > 0, déu ton tai mot ham g(z) thuoc ho dé sao cho ||f — gl|, < e

a) Xét mot ham bat ky f(z) € LP(E).

Ta c6 f(x) = fT(z) + f~(2), v6i fH(z), f~(x) > 0.

Ton tai mot day ham don gian khong am f,7(z) 7 f+ ().

Vi (f*(2) = £ ()" \, 0 nen
/ (P (@) = £ (@)Pdp / 0dy 0,
E E

nghia 1a || £+ = £ ||, = 0.

€

<

Khi y dt g(«) = f; () — f; (x) ta s duge [[F—glly < |1/ = fy 1o+~ —firllp < e

Vay v6i n du 16n ta sé c6 mot ham don gian f,, (x) v6i ||f~ — f || <
Ham g(z) 1a hiéu ctia hai ham don gian nén cling la ham don gian.
Do do6 ho cac ham don gian tru mat trong LP(E).

b) Ta xét ham s6 c6 dang X4(z) trong d6 A do duge. Theo dinh 1y v6i moi
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X . 2, ~ ~ ~ z p
e > 0 ton tai mot tap mé G O A va mot tap dong F C A sao cho u(G\A) < %,

P
W(A\F) < % tite 1a p(G\F) < . Ta lay

B p(z, R\G)
90) = SR\ + (. F)

Trong d6 p(x, M) = yienz\f4 ||z — y|| chi khodng cach tit x dén M. Ro rang » € R\G
thi p(z,R\G) = 0 nén g(x) = 0. V6i = € F thi p(z,R\G) # 0,p(z, F) = 0 nén
g(z) = 1. Ham p(z,R\G), p(x, F) déu lién tuc va c6 tong khac 0 nén g(z) ciing
lien tuc. Hieu X4(x) — g(z) 6 gia tri gom 0 va 1 trén tap G\F va bang 0 ngoai

tap d6. Cho nén

1% —glly = ( [ (Xal@) = 9@))’dn )" < (n(G\F))
E

D=

< €.

Do d6 méi ham c6 dang X4(z) v6i A do duge déu co thé xap xi tiy ¥ bdi
mot ham lién tuc. Suy ra ho cac ham lién tuc tri mat trong ho cac ham don
gian, vi m6i ham don gidn c6 dang >, | a; X4, (z) chi viec chon ham lién tuc
gi(x) sao cho [|X4, — gillp < @, thi sé dugce ham lién tuc g(z) = > aigi(z) v6i
132 cida, — gllp < 375 il Xa, — gllp < e

Mat khac mot ho M tru mat trong LP(FE) va mdt ho N tru méat trong M thi ho

N cling tru mat trong LP(FE). Vay ho cac ham lién tuc tru mat trong LP(E). [
Dinh ly 2.2.2. Khong gian LP(R),1 < p < oo tdch dugc (nghia la chida mot tap
con dém dugc tru mat trong no).

Chiing minh. Lay f(x) € LP(R). Goi f,, : R — R x4c dinh

f(z) khi |z| < no,
fro(2) =
0 khi |z| > ny.

thi f () = f(z) € IP(R) khi n — cc.
Nhu vay ton tai s6 ng sao cho ||f — fu,llp < § va ton tai ham lién tuc
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Gno : [—10,n0] = R sao cho

1o z € €
([ o) = @Pe) " < by o =l < §
Mat khéac theo dinh 1y Weiertrass ton tai mot ham P(x) sao cho
S aga® khi |z < n,
P(z) = (2.2.4)
0 khi |z| > n.

Vil o € Q,m € N sao cho max |gp,(x) — P(z)| < £, Nhu vay
c

[—n0,m0

([ toto) = Powpac) "< £ oups

Khi d6 chon ¢ = 3(2ng)» thi ( ™ gug ) - P(x)|pdm> ’ <

D=

=

€
-
thi [|gn, — Pl < % Do dé

1f = Pllp <I1F = Faollp + [[fro = gnollp + llgne — Pllp

<€+€+€_
=373T37¢“

Vay ho P = {P(z)|P(z) c6 dang (2.2.4), a, € Q,m e N} trit mat trong LP(R) ma
ho nay dém dugc nén LP(R) tach dugc. O
Dinh ly 2.2.3. Khong gian L>°(R) khong tach duoc.
Chaing minh. [6] Gia st L>(R) tach dugc, tiic 1a c6 mot tap dém duge {u,(z) :
n =1,2,...} trong L®(R) sao cho bat ky ham f(z) € L>°(R) nao ciing c6 mot
day phan t {un, (z)}2°, cla tap dém dugc {u,(z):n=1,2,...} sao cho

tn, (2) 55 F(2) khi k — oo
V6i méi a € R dat r, = |a| va ham

1 khize(a—rqa+rm)
Vo) =

0 khi ¢ (a—rqga+r,).
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Lai ¢6 v6i a,b € R va a # b thi hieu doi xiing
(@ —rg,a+1e)Ab—1p,b+ 1) # 0,

nen |[o(z) — 0y(2) oo = €55 5up [0a(x) — ()] = 1.
R

Do d6 ug(x) # up(z) h.kn trén R. That vay, vi néu u.(z) = up(z) thi

[[va — vb|loe < [|Va — p||oo + [|tp — vb)] s
< |va = up|loo + [|up — vb|]so
1

1
= ||va — Ualloo + ||up — Vp|]|0 < 53 = 1,

diéu nay vo ly. Nhu vay c6 mot don anh f: R — {u,(z) : n = 1,2,...} sao cho
f(a) = uy. Dieu nay vo 1y vi lyc luong ctia R 14 khong dém duge con lyc lugng
clia {uy(r) :n=1,2,...} 13 dém dugc.

Vay L*°(R) la khong tach dudc. ]

2.3 Bién doi Fourier

Ham s6 phtic do duge Lebesgue f : R — C dugc hiéu 1a f(z) = u(z) + iv(x) véi

u,v : R = R 1a ham s6 thuc va do dudc Lebesgue. Khi d6 tich phan Lebesgue

/Rf(l’)dﬂz/Ru(x)dp—ki/Rv(x)du.

Ta néi f(r) € LP(R) néu u(z),v(z) € LP(R.

cua f(z) la

2.3.1 Bién déi Fourier trong L'

Cho khong gian R, ham f(z) € L*(R). Bién doi Fourier ctia ham f(z), ky hiéu

Ff, la ham duge xac dinh bdi

7€) = (2m) /R &% f ()i,
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va bién déi nguge clia ham f(x), ky hieu 1a Ff~1, 1a ham xéac dinh baéi
770 = en)t [ e i
R
Vi f(z) € LY(R) va |e=#¢] = 1 nen FF(€), FFL(€) Ta xéc dinh va ta c6

T = ‘(2@-5 / 17 £ (2)d |

;/|6 mgf |du

-4 / (@)l = (2m) 4 ],

—

Do d6 Ff(€) € L®(R) hay Ff(¢) 1a anh xa tit L'(R) va Lo (R).

Ta di ching minh Ff(¢) la anh xa lién tuc. That vay
1 . ,
F _F < - —ixé _ —ixéo| | d
76 = FHe) < <= [ 17— ol

1 . .
< im0 | |omiw(€—&) _ 1] . f(z)|du
- / N [ 1f(@)

< e~ (E%0) — 11| f(2)|du

\/%/Irnld%

+ —= e (E=80) — 11| f(a)|dp.
\/%/wbl%

Do f(z) € LY(R) nén Jg [f(@)]dp < oo. Dit

0 néu |z| > R
X_rp()f(z) =

f(z) con lai .

Ta 6 X_p g (2)|f(x)] = |f(z)] khi R — co. Ma X_p g)(2)|f(z)] < [f(z)] va
| f(x)| kh& tich nén theo dinh 1y vé hoi tu chan thlf)([ rR (@) = [g]f(z)| khi
R — oo.

Do dé ton tai Ry sao cho

/ F@)ldn < V2r.
|z|>Ro
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Lai ¢6 e~ @6~ — 1| <2nen [ [ei#€=€) — 1| |f(2)|dp < V27 g
|I|>Ro
Mat khéc e* lién tuc tai z = 0 nén véi moi € > 0, ton tai §; > 0 sao cho |z| < 6; thi

o = 1] < VIrg

. 5
nen véi |z < Ry va | (€ — &)| < R—l thi
0

—iz(§—8o) | d
L%\e G < VB

[ 1t < vars
|:E|<Ro 2
o 2,0 . X . (51 o
Vay v6i moi € > 0, ton tai § = R > (0 sao cho [£ — & < 0 thi
0

1 € €
F1©) =TT o)l < (m§ + mé) _

Vay Ff € L®(R) N C(R).

2.3.2 Bién déi Fourier trong L”

Ta xay dung bién ddi Fourier trong LP(R) nhu sau. Dat

0 néu |z| > R
X_rp()f(z) =

f(z) con lai .

Ta co \X[,Rﬂ](x)f(:z:) — f(x)] — 0 khi R — oo nén ]X[,R’R](x)f(x) — f(x)|P — 0 khi
R — .

Ma | X g, () f(2) = f(@)|P < [f(@)[P, [f(2)]P € LP(R).

Theo dinh 1y vé hoi tu chan ta c6

/R X (@) (@) — () Pdu — 0 khi B oo.

Do d6 X_p gi(x)f(x) € LP(R) la day Cauchy hoi tu dén f(z) trong LP(R).

Ta can chitng minh {F(X_p,rf)} hoi tu trong LY(R) v6i 1 <p <2, ! + L 1.
’ p q
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Theo bat déng thitc Hausdorff-Young ta c6

Véi g(z) € LNR) N IP(R), 1 <p<2,> 42 =1 thi Fg e L’(R) va
P q
1Fallq < Cllgllp-

Nhu vay v6i g(z) = X_p g (7)f(x) ta c6 {F(X_g g f)} la ddy Cauchy va hoi tu
dén mot ham Ff trong LI(R) véi 1 < p < 2,%+ % =1.

Nhung véi 2 < p < oo viéc xay dung nhu thé nay khong con ding. Ngudi ta phai
xay dung bién doi Fourier theo cach khéc. Vi du sau cho thay véi 2 < p < oo bat

déng thitc Hausdorff-Young nhu trén khong con ding.

Vi du 2.3.1. [3] Chon day fi(z) = e =" | =12 ... Bién doi Fourier cia
fz) la
FrE) = (2n) "2 / it e—(1=ik)a® g,

R

Bién doi nay théa man bai todn Cauchy

T
21— i) =) - €T ) =0
gi diéu kien ban dau 1o F £,(0) ! n F () L -5
VOl aleu KeN oan aau ta = — NEN = ¢ 40+k%)
' : 21— ik) : 21— ik)
Khi dé chuan trong LP(R) la
71/2p
ka!\pzm

Con chuan trong LY(R) la

2%_%(1 + kz)i_%wi
||\r7rfk||q = T .
q2e

Vi2<p<ooneénl<qg<2mneén||Ffillq = oo khi k — oo.
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Két luan

Khoa luan da trinh bay hai noi dung chinh la:

e Xay dung tich phan Lebesgue tit do do Lebesgue, ham do dugce Lebesgue,

tich phan Lebesgue, chuyén giéi han qua dau lay tich phan.

e Khong gian LP,1 < p < oo, tinh chat day du va tach duge, phép bién doi

Fourier trong LP,1 < p < 2.

Tuy nhién do thoi gian lam khéa luan con han ché khong thé tranh duge nhing

nham 1an, sai s6t nén em mong nhan duge su gép ¥ clia thay co va ban doc.
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